SIGNAL

PROCESSING

Signal Processing 56 (1997) 293-303

Noise-assisted signal transmission in a nonlinear electronic
comparator:
Experiment and theory

Xavier Godivier, Francois Chapeau-Blondeau*

Faculté des Sciences, Université d’Angers, 2 boulevard Lavoisier, 49000 Angers, France

Received 10 April 1996; revised 15 October 1996

Abstract

A periodic signal superposed to a white noise is input onto a nonlinear two-state threshold comparator. The output
signal contains, embedded in random fluctuations originating in the input noise, a part of correlation with the periodic
input. We show that a regime exists where this part of correlation can be enhanced by means of an increase of the input
noise level. This is the phenomenon of stochastic resonance, whereby the noise becomes beneficial to the transmission of
a coherent signal, and where an increase of the noise can result in improved performances. We experimentally
demonstrate this property in an electronic circuit. We then develop a complete theoretical analysis of this effect of
noise-assisted signal transmission. This simple electronic implementation of a stochastic resonator, together with its
theoretical analysis, constitute a unique framework for further investigations on the nonlinear phenomenon of stochastic
resonance and its implications for signal processing. © 1997 Published by Elsevier Science B.V.

Zusammenfassung

Ein periodisches Signal, das weiBem Rauschen iiberlagert ist, wird als Eingangssignal einer nichtlinearen Vergleichs-
schaltung mit zwei Zustinden betrachtet. Das Ausgangssignal enthilt einen Anteil, der mit dem periodischen Eingangs-
signal korreliert ist, und der in zufillige Schwankungen eingebettet ist, die vom Eingangsrauschen herriihren. Wir zeigen,
daB es einen Arbeitsbereich gibt, bei dem dieser Korrelationsanteil durch ein Anheben des Eingangsrauschens verstarkt
werden kann. Dies ist das Phidnomen der stochastischen Resonanz, wobei das Rauschen fiir das Ubertragen eines
kohdrenten Signals glinstig ist, und wobei ein Anwachsen des Rauschens eine verbesserte Leistungsfahigkeit erzeugt.
Diese Eigenschaft demonstrieren wir experimentell fiir eine elektronische Schaltung. Danach entwickeln wir eine
vollstindige theoretische Analyse dieses Effektes einer rauschunterstiitzten Signaliibertragung. Diese einfache elek-
tronische Realisierung eines stochastischen Resonators bildet zusammen mit seiner theoretischen Analyse eine
allgemeine Grundlage fiir weitere Untersuchungen der stochastischen Resonanz und ihrer Bedeutung fiir die Signal-
verarbeitung. © 1997 Published by Elsevier Science B.V.

Résume
Un signal périodique superposé a un bruit blanc est appliqué a I'entrée d’'un comparateur non linéaire a seuil 4 deux
états. Le signal de sortie contient, noyée dans des fluctuations aléatoires provenant du bruit d’entrée, une part de
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corrélation avec l'entrée périodique. Nous montrons qu'il existe un régime ou cette part de corrélation peut étre
augmentée au moyen d’une augmentation du niveau de bruit en entrée. Il s’agit du phénoméne de résonance stochastique,
par lequel le bruit devient avantageux pour la transmission d’un signal cohérent, et ol une augmentation du bruit peut
conduire a des performances accrues. Nous démontrons expérimentalement cette propriété avec un circuit électronique.
Nous développons ensuite une analyse théorique compléte de cet effet de transmission du signal assistée par le bruit.
Cette réalisation électronique simple d’un résonateur stochastique, accompagnée de son analyse théorique, constituent
un cadre unique pour des investigations plus avancées sur le phénoméne non linéaire de résonance stochastique et ses
implications en traitement du signal. © 1997 Published by Elsevier Science B.V.
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1. Introduction

A nonlinear phenomenon, recently introduced
under the name of stochastic resonance [4], is
now attracting more and more attention from
various scientific communities [32]. The descrip-
tion of this nonlinear phenomenon can be cast
under various forms which relate to different speci-
fic contexts, such as stochastic processes or mech-
anical motions in potential fields with barriers.
In the context of signal processing, for signal trans-
mission by nonlinear systems, this phenomenon
can be described as an increase in the signal-
to-noise ratio at the output, which is obtained
through an increase of the noise level at the input.
A periodic signal superposed to a noise is usually
input onto the nonlinear system, and the output
signal shows a maximum of coherence or correla-
tion with the periodic input when the input noise
reaches a sufficient level. Thus, in this nonlinear
effect the noise becomes useful to assist the signal
transmission.

This paradoxical nonlinear phenomenon is
known, since its introduction, under the name of
stochastic resonance, although further develop-
ments have shown that it does not bear, in every
case, all the characteristics of a conventional
resonance. Stochastic resonance was first applied
in the context of climate dynamics [3, 25]. It has
since been experimentally observed in various sys-
tems including lasers [31], electron paramagnetic
resonance [14], a magnetoelastic pendulum [30],
superconducting devices [17], neurons [8] and
electronic circuits [10].

The first electronic circuit to reveal stochastic
resonance [10] was a Schmitt trigger with both
a threshold and hysteretic nonlinearity. More com-
plex electronic circuits have then been proposed [1],
sometimes to simulate nonlinear systems known to
exhibit stochastic resonance, like Brownian motions
governed by the Langevin equation [16], or neurons
[5, 24]. Here we introduce an even simpler circuit,
under the form of a two-state threshold comparator
with no hysteresis, and we experimentally demon-
strate that this system is capable of stochastic reson-
ance. To date, this electronic circuit appears to us as
the conceptually simplest experimental system that
brings together the ingredients for stochastic reson-
ance. In addition, we show that the property of
stochastic resonance observed in this circuit lends
itself to an exact theoretical description.

The theoretical modeling of stochastic resonance
has to cope with a nonlinear and non-stationary
context which usually hinders exact descriptions.
Theoretical analyses have been proposed, first for
dynamic (i.e. with memory) [22, 20, 13, 9] and more
recently for static (memoryless) [19, 15, 11] non-
linear systems. These analyses usually rely on ap-
proximations, a frequent one being that of a weak
and slow periodic input signal. Also in these treat-
ments the hypothesis of a Gaussian noise is often
crucial, and the periodic input is restricted to
a sinusoid. In constrast here, for our simple elec-
tronic circuit that stochastically resonates, we de-
velop an exact and general theoretical treatment
which can accommodate an arbitrarily distributed
(not necessarily Gaussian) white noise and a peri-
odic input of arbitrary waveform.
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Fig. 1. Experimental electronic circuit implementing Eq. (1).

2. Experimental study

We consider the electronic circuit of Fig. 1
receiving a periodic input signal s(t) and a noise
input n(t). The first operational amplifier’ is a
linear adder-inverter which delivers —s(t) —g(1).
Then this signal is applied to the second opera-
tional amplifier which operates as a threshold
comparator with two output states + V,,, >0 and
— Viar- The operation of the circuit is then

If 5(6) + 7(t)> Viy,  then y(t) = + Ve
else y(t) = — Ve (1)

For the experiment we have used a voltage s(t) of
period T, = 10ms, with zero mean and a peak
amplitude Vy =19V, s(t) being successively
a sinusoid and a square wave half a period at
Vy and half a period at — V. 5(t) is a zero-mean
Gaussian white noise, which in practice was made
by an electric noise with a correlation time of less
than 0.1 ms, much shorter than the coherent period
T,. The noise generator can be adjusted to change
the rms amplitude V, of »(t). We have V,, =5 V.

The threshold V,, is set to 2.2 V. In this condi-
tion, in the absence of the noise #(z), the periodic
input s(t) alone is always below the transition thre-
shold V,;, and the output y(t) remains at — V. The
input s(¢) is then invisible from the circuit output
y(¢t). This conforms with a frequent condition asso-
ciated to stochastic resonance, in which the peri-
odic input alone is usually insufficient to induce
a transition of the output. In practice, this can be
the situation of a small signal lying below the limit

' We used a dual TLO82CP operational amplifier circuit.

of sensitivity of sensor or transducer devices. We
then show that addition of noise on the input
renders the periodic input visible in the output y(t),
in a more acute manner as the noise is increased, up
to an optimal noise level.

To analyze this property, the noise rms ampli-
tude ¥, was set at a fixed finite value. The correla-
tion of the output signal y(t) with the periodic input
s(t) was then quantified in the following way. y(t)
was sampled with a time step At = 0.1 ms and
quantized by a 12-bit AD converter. The output
autocorrelation function R, (1) = {y(t)y(t + 1))
was estimated by averaging a total of N,, products
y(O)y(t + 1), with values of tmod T, uniformly
covering the interval [0, T;[ for every value of 7 at
which R,,(t) was estimated. A typical output auto-
correlation function R,(t) is depicted in Fig. 2.

A Fourier transform of R,(7) then yielded the
output power spectral density P,,(v). A typical PSD
P,,(v) is depicted in Fig. 3. Typically, P,(v) is
formed by sharp spectral lines at integer multiples
n/T; of the periodic input frequency 1/T;, emerging
from a broad-band continuous background. The
spectral lines are the mark of the influence of the
periodic input s(t) on the output y(t), and the con-
tinuous background of the influence of the noise
n(t) on y(t). In the presence of stochastic resonance,
the emergence of the spectral lines above the noise
background is most pronounced for an optimal
noise level on the input. The effect was measured by
a signal-to-noise ratio SNR(n/T,) defined as the
ratio of the power contained in the spectral line
alone at the harmonic n/T, to the power contained
in the continuous noise background in a given fixed
frequency band around v =n/T,. The power con-
tained in the spectral line at frequency n/T, was
calculated as the product of the magnitude of the
line above the noise background, times the fre-
quency step Av of the discrete Fourier transform.
The power of the noise background was evaluated
in a frequency band of extension 1/7, around
v =n/T,, as the product of the constant amplitude
of the continuous background, times 1/T5.

Such an SNR was computed from the experi-
mentally estimated output PSD P, (v), for different
harmonics n/T,. We then studied the evolution of
the SNR with the input noise rms amplitude ¥,
This evolution is presented in Fig. 4. The results of
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Fig. 2. Output autocorrelation function R,(7) in units V2, as
a function of the time lag 7 in units T,. Panel A is with s(t) =

Vu sin(2nt/T,) and panel B with s(r) a square wave half a period
T, at Vy and half a period at — V. The thresholdis V,, = 2.2V
and Vy = 1.9 V. The noise rms amplitude is here V, = 1.4 V. In
each panel the smooth line is the theoretical expression of
Eq. (9), the noisy line is the experimental estimation by aver-
aging N,, = 30000 products y(t)y(r + 1) for every value of t.

Fig. 4 show a nonmonotonic variation where the
SNR increases with the noise rms amplitude, up to
an optimal noise level where the SNR is maximized.
This nonmonotonic influence of the noise on the
SNR is the signature of stochastic resonance.

3. Theoretical analysis

We consider the system described by Eq. (1) with
a periodic s(t) of period T, and #(t) a stationary
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Fig. 3. Output power spectral density P,,(v) as a function of the
frequency v in units 1/T,, obtained by Fourier transforming the
autocorrelation function R,(t) (with M = 100). Panel A is with
s{t) = Vysin(2nz/T,) and panel B with s(t) a square wave half
a period T at V), and half a period at — V. In each panel the
smooth line is the theoretical expression of the PSD similar to
Eq. (13), the noisy line (quasi indistinguishable) is the experi-
mental PSD deduced by averaging with N,, = 3x 107 in the
estimation of the autocorrelation R,,.

white noise with the distribution function F,(u) =
Pr{n(t) <u}. We shall adapt in this section, the
theoretical method of description that has been
introduced in [6] for a slightly different non-
linear system. First, we seek to compute a statistical
autocorrelation function for the output signal
p(t). Since y only assumes the values V,, or
— V... the expectation E[p()y(t+17)], for
fixed 7 # 0 and fixed ¢, can be expressed from the
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Fig. 4. Output signal-to-noise ratio SNR as a function of the
input noise rms amplitude ¥V, in volts. Panel A is with
s(t) = Viysin(2nt/T,) and panel B with s(r) a square wave half
a period T, at Vyy and half a period at — V. In each panel
the solid line is the theoretical expression of Eq. (14), the
sets of discrete data points were obtained experimentally from
estimations of the autocorrelation function R,,(7) and averaging
with N,, = 3x10". In each panel, the SNR is shown at the
fundamental frequency 1/T and at the two subsequent har-
monics n/ T that give the strongest SNR; panel A: (%) at 1/T, (C)
at 2/T;and ( +) at 3/T,; panel B: (x} at 1/T, (0) at 3/T, and ( +)
at 5/T,.

probabilities
E[y(@)y@ + )]
= ValPr{y(t) = Veap y(t + 1) = Veur}
+Priy(t) = —Vao Yt + 1) = —Vau)

- Pr{y(t) = ‘/;at7 y([ + T) = - I/sat}
- Pr{y(t) = - Vsal: y(t + T) = Vsat}] . (2)
We introduce

x(t) = Pr{n(t) >Vy —s(t)} =1 — F[Vin — s(t)].
(3)

Since s(t) is deterministic and #{t) is a white noise,
y(t) and y(t + 1) for fixed 7 #0 and fixed ¢, are
statistically independent, and Eq. (2) becomes

E[y(t)y(t + )]
= V2[x(0)x(t + 1)+ [1 — x()][1 — x(t + 1)]

= x(O[1 = x(t + 1)] — [1 — x()]x(t + 7)],
(4)
which simplifies into
Ely@y(t + 0] = Val4x(Ox(t + 1) + 1 — 2x(1)
—2x(t + 1)]. (5)
And for 7 =0, one has
Ely@y(t + 0] = Va,. (6)

Both x(t) and x(t + ) are periodic in t and 7 with
period T,. Because of the periodic coherent modu-
lation introduced by s(r), the random signal y(t) is
nonstationary, yet it is cyclostationary with period
T, [26]. It is possible to construct a ‘stationary’
autocorrelation function R,,(7) for y(t) through
a proper time averaging of E[y(t)y(t + 1)] over an
interval T, when t, or t mod Ty, uniformly covers
[0, T,[.

To avoid difficulties attached to the idealized
notion of a white noise, and to have the possibility
of direct numerical evaluation of every relevant
quantity of the theoretical model, especially for
purpose of comparison with the experiment, we
choose now to move to the context of discrete-time
signals. The time scale is thus discretized with a step
At« T, and such that T;= N At. Now in practice,
the white noise #(t) only need be a noise with
a correlation time shorter than At.

We define the stationary autocorrelation func-
tion as

N—-1

2 EDv(jAny(Ar+kAn].  (7)

Ryy(k At) = N
j=0
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Eqgs. (5) and (6) can be combined into a single
equation for every t =jAt and t = kAt, which
reads

E[y(jAny(j At + kAt)]
= 4V2[x(j At) — X*(j At)]d(k At)
+ Vsﬁt[4x(j At)x(jAt + kAt)y + 1

— 2x(jA) — 2x(j At + k At)], (8)

with (kA1) =1 for k =0, and d(k At) = 0 other-
wise. For establishing the expression of Eq. (8), we
simply applied Eq. (5) everywhere (as it appears in
the second term of the right-hand side of Eq. (8)),
exceptint =0.Int = k At = 0, Eq. (5) evaluates to
E[y(jAOy(jAY] = Vi + 4V3m[x2(1 At) — x(jAt)]
which is in excess by 4V 2 [x%(j At) — x(j At)] from
the correct value E[y(j At)y(j At)] = VZ, of Eq. (6).
This value in excess has just been substracted in
Eq. (8), by means of the first term on its right-hand
side, which operates only when kAt = 0.
Performing on Eq. (8) the time average defined
by Eq. (7) then leads to
R, (k At) = 4V2 (% — x?)(k Ar)
1 N-1
+— Y AVZ x(jAnx(j At + kA1)
N 5

+ Vil —4x), 9)

with the time average
_1 i At), 10)
N4 x(j (

and a similar definition for the average x2. We note
that since F,(u) varies between 0 and 1, for any
non-identically zero or one x(z), one always has
X —x2>0.

In order to proceed into the frequency domain,
the Fourier coefficients of the deterministic periodic
signal x(j At) are introduced as

X, =2 Nil (j At) )" 11)
n = X exp| —i2n—).
N &V p i (

We define the discrete Fourier transform of R,,

over a time interval of an integer number 2M of

periods T, as

DFT[R,,(k At)]

MN-1

-3

k=—-MN

R, (k At) exp( i2 (12)

l
"2MN>
which affords a frequency resolution Av =
1/2MN Az).

The autocorrelation function of Eq. (9) is formed
by the superposition of three components: (1) a
pulse at the origin with magnitude 4V2(x — x?), (2)
a periodic component with period T; (the term of
the T sign in Eq. (9)), (3) a constant V2 (1 — 4%). The
Fourier transform of R,, defines the output power
spectral density P,,, which will then be formed by
the Fourier-transformed three components, giving
(1) a constant background with magnitude 4V2,
(X — x?), (2) a series of spectral lines at integer
multiples of 1/Ty, (3) an additional line at zero-
frequency with weight V2(1 — 4x). The explicit cal-
culation of this Fourier transform is developed in
Appendix A. For the output PSD at integer mul-
tiples n/T; of the coherent frequency, with n # 0,
one arrives at

n
Ry<T > 4Valx —

When the horizon M — + oo, the magnitude of
the spectral lines above the continuous noise back-
ground, tends to infinity. This type of form of the
PSD is typical for the output of a stochastically
resonant system. The power contained in the spec-
tral line at n/T, of magnitude 2MN x4V2, X, X¥ is
then 2MN x 4V2Z X, X¥ x Av = 4V2|X,|*/At. The
power in the continuous noise background of con-

x2) + 2MN x 4V2, X, X*. (13)

stant magnitude 4V2 (X — x?) contained in the fre-
quency band 1/T, = 1/(NAt),is 4V2(X — x )/(NAt)
The ratio of these two powers defines the output
signal-to-noise ratio, at frequency n/T,, which
follows as

n\ _ NIX,?
SNR{ — |} = = .
<Ts> X — x2

The present theoretical analysis provides expres-
sions for the output autocorrelation function, the
output PSD and the SNR at different harmonics,
for an arbitrary noise distribution and an arbitrary

(14)
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waveform of the periodic input s(t). This is a unique
feature for a system capable of stochastic reson-
ance, which is not offered with other electronic
implementations [10, 1, 16, 5, 24].

4. Comparison between theory and experiment

Figs. 2-4 present the comparison between the
theory and the experiments for the case of a Gaus-
sian noise #(t) and a sinusoidal or square-wave
periodic input s(z). The numerical expressions de-
rived in the theory of Section 3 are exact, provided
the correlation time of the noise #(t) is shorter than
At, and this was realized in the experiments. As
a consequence, a very good agreement is obtained
between the theory and the experimental results.
The main deviation between the two is introduced
by the accuracy at which the autocorrelation func-
tion R,,(7) can be experimentally estimated, by
averaging terms y(f)y(¢t + 7). If a sufficient number
of such terms are averaged, the accuracy of the
estimation can be made very (arbitrarily) small. For
the experimental R,(7) depicted in Fig.2, only
N,, = 30000 terms y(t)y(t + 1) were averaged for
each value of t = k At where R, (1) was estimated.
The objective here was to purposely keep a suffi-
cient variance to the experimental estimation of
R,,(7) in order to distinguish it from the theoretical
R,,(t) in Fig. 2. We have verified that when much
more than N,, = 30000 terms are averaged, the
experimental and theoretical R,,(t) become almost
indistinguishable. For the rest of the comparison
between theory and experiment N,, was set to
3% 107,

From here, the continuation of the comparison
between theory and experiment involves only
‘mechanical’ Fourier transform calculations which
are performed numerically in the same way. As
a result, the same very good agreement is preserved
between the theoretical and experimental PSDs
depicted in Fig. 3, since the corresponding autocor-
relation functions almost perfectly agree.

Finally, Fig. 4 compares the SNRs which are
calculated from the PSDs. The SNRs are shown at
the fundamental frequency 1/T, and at the two
subsequent harmonics n/T; that give the strongest
SNRs. A very good agreement persists between

theory and experiment, which slowly degrades for
very low values of the SNR where the signal is very
weak, close to the limit of accuracy of the measure-
ments. Both the experimental and theoretical SNRs
display the nonmonotonic variation with the input
noise level that is characteristic of stochastic reson-
ance, and that expresses that an increase in the
input noise level can favor the transmission of the
periodic coherent input.

5. Discussion

The phenomenon of noise-assisted signal trans-
mission through stochastic resonance has been
experimentally demonstrated in a very simple
two-state nonlinear electronic circuit. The same
type of phenomenon was reported before in elec-
tronic circuits with more complex nonlinearities
[10, 16, 5, 1, 24]. To date, the present system stands
for the simplest electronic circuit that has been
shown capable of stochastic resonance.

In addition, we have developed an exact theoret-
ical analysis which accounts for the property of
stochastic resonance. Especially, the theorey can
deal with an input noise with arbitrary distribution
(not restricted to the Gaussian), and with a coher-
ent periodic input of arbitrary wave form. These
features allow the study of the influence of the noise
distribution and periodic wave form to optimize
the stochastic resonance effect, although this ques-
tion has not been explicitly addressed here. To date,
very few theoretical models exist in which the prop-
erty of stochastic resonance lends itself to an exact
description, and among the approximate models
that exist many are restricted to a Gaussian noise
and a sinusoidal periodic input. It is a remarkable,
and rare, property of the present model to offer this
exact and general description.

Among the various nonlinear systems (dynamic
or static) that were reported to exhibit stochastic
resonance, the threshold static nonlinearities con-
sidered in [ 11, 12] bear the closest similarities with
our simple system of Eq.(1). Yet these systems in
[11,12] can be viewed as conceptually slightly
more complex since they involve more than two
output states or more than one threshold. The
study in [11, 12] also introduces arbitrary noise






