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Abstract

A stochastic resonance effect, under the form of a noise-improved performance, is shown feasible
for a whole range of optimal detection strategies, including Bayesian, minimum error-probability,
Neyman—Pearson, and minimax detectors. In each, cisiations are demonstrated where the per-
formance of the optimal detector can be improved (locally) by raising the level of the noise. This is
obtained with a nonlinear signal-noise mixture where a non-Gaussian noise acts on the phase of a
periodic signal.
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1. Introduction

Stochastic resonance is a phenomenontiich some processing done on a signal can
be improved by the action of the noise [1-3hélfeasibility of stochastic resonance has
now been reported in a large variety of processes, under many different forms [4-9]. Yet,
until very recently, stochastic resonance asraprovement of the performance by noise,
was limited to suboptimal devices or processors. In the context of detection problems, var-
ious aspects of stochastic resonance have been investigated [10-18], yet with improvement
by noise limited to suboptimal detection strateg Very recently [19,20], stochastic reso-
nance has been shown feasible also in optjpnatessing, in a Bayesian detection problem
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on a nonlinear signal-noise mixture with non-Gaussian noise. In the present paper we con-
sider the same type of detection problem, and we extend the demonstration of feasibility
of stochastic resonance, to a whole range ahgard optimal detection strategies, in a
coherent perspective.

2. Strategiesfor optimal detection

In this section, we briefly review standard strategies for optimal detection. Our aim here
is to exhibit the definition of the optimal detectors we will be considering, and the way
their performance is assessed. Classical proofs and developments can be found in [21,22].
Later on, our point will be to show that situations can be found where the performance
of each one of these optimal detectors caingroved by operating them at higher noise
levels, over some ranges of the noise.

In a standard detection problem, one among two known siggéls or s1(¢) may be
mixed to a noise(¢), the resulting mixture forming the observable signal). Observa-
tion of x () at N distinct timesy, for k = 1 to N, providesN data pointse, = x(#;). From
the dataxr = (x1, ..., xy), itis to be decided whethat(z) is formed byr (z) mixed tosg(?)
(hypothesis Ig) or to s1(¢) (hypothesis H). Any conceivable detector is equivalent to a
partition of RY into two disjoint complementary subseRy and R, such that when
falls in R; then the detector decides Hor i € {0, 1}.

2.1. Bayesian detection

If the prior probabilities are knownPy for hypothesis i, and Py = 1 — P for Hy,
it is possible to assess the performance oivemydetector by means of a Bayesian cost.
One introduces four elementary coétg of deciding H when H; holds,i, j € {0, 1}, with
necessarilyC10 > Coo andCp1 > C11 to penalize wrong decisions. The average Bayesian
cost is then

C= POCOO/ p(x|Ho) dx + P1C01/ p(x|H1) dx
Ro RO
+ POClO/ p(x|Ho)dx + P1C11/ p(x|Hp) dx, 1)
Rl Rl

wherep(x|H;) is the probability density for observingwhen H holds, and/ dx stands
for the N-dimensional integra ... [ dx1...dxy. The cosiC of Eq. (1) is minimized by
the optimal Bayesian detector that uses the likelihood ratio

_ px|Hy)  Pr{x|H1}

L(x)= = 2
p(x|Ho)  Pr{x|Ho} @)
to implement the test
Hi
Py C10— Coo
Lx) 2 ———+, 3
()<P1C01—C11 3)
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and by doing so achieves the minimal cost

1
Crin = > [ P1(Co1+ C11) + Po(C10+ Coo)]

1
-3 / | Py(Co1 — C10)p(xIH1) — Po(C10— Coo) p(x[Ho)| dx. @)
RN

2.2. Minimum error-probability detection

In the special case whekgyy = C11 = 0 andC10 = Co1 = 1, the costC of Eq. (1)
represents the overall probability of detection erRar. The optimal Bayesian detector
of Eq. (4) then representbe detectominimizing Per, also known as the maximum a
posteriori probability (MAP) detector since test (4) becomes equivalent to a test comparing
Pr{H1|x}/Pr{Ho|x} to 1.

2.3. Neyman—Pearson detection

When Py and P; are unknown, a strategy to implement an optimal detection is to seek
to maximize the probability of detection

Py= / p(x|H1)dx, )
R1
while keeping the probability of false alarm

Pf=/p(x|Ho)dx (6)
R1
no larger than a prescribed lev@| syp.

This constrained maximization is achievby the optimal Neyman—Pearson detector,
which also implements a likelihood-ratio test

Hi

L(x) 2 u(Ptsups (7)
Ho

with a thresholdu (Pt sup), a function of Py syp, which is found from Eqg. (6) by imposing
Pr < Pt sup, With the subseR; defined as those pointsfor which p(x|H1) > up(x|Ho).

2.4. Minimax detection

In the absence of knowRy and P1, another strategy for an optimal detection, which
does not require to specify B sup is to look for the valuePy of Py that maximizes
the minimal costCnin of Eqg. (4). The optimal minimax detector then implements the
likelihood-ratio test of Eq. (4) withPy set to . For any detector, the Bayesian cast
in Eq. (1) is a function ofPy, which goes through a maximum for sorRe € [0, 1]. This
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maximum turns out to be minimized by the optimal minimax detéaiefined above, and
the minimal value achieved for this maximum is expressable as

Cminimax= C10+ (Cgo — C10) / p(x|Ho) dx
Ro

=Co1+ (C11— Coz) / p(x|Hy) dx. (8)
R1

So for an unknowrPy, adopting the optimal minimax detector minimizes the highest cost
we would incur if nature were to impose us the least favorable

3. Detection with phase noise

We now apply the strategies of Section 2 to a specific detection problem. This is the
same detection problem that was used in [19,20] for the first report of a noise-improved
performance in an optimal Bayesian detector, and that we adopt here to test a whole family
of optimal detectors. We consider a periodic “mother” wauwe) of period unity. A pos-
sibility could bew(z) = sin(2r¢), but w(z) will be further specified later. One of the two
signals to be detected is the wawer) with frequencyvy, i.e., so(r) = w(vor); the other
signal is the same wave(r) with frequencyvy # vg, i.e.,s1(z) = w(vit). A noisen(t)
acts on signalso(¢) andsi(¢) as a phase noise, so as to form the observable signal

x(1) =w[vot + n(t)] (hypothesist) or 9)
x(1)=w[vit +n@®)] (hypothesis H). (10)

Such periodic signals corrupted by a phase noise arise, for instance, when a periodic wave
propagates in a fluctuating medium or traemrs fluctuating interface. Phase noise is
present in oscillators, phase-locked loopsherent imaging. A simple concretization of
the present setting is realized by a plane wave radiated or received by a transducer sub-
jected to a random motion producing the phase noise.

Based on the data = (x1, ..., xy) it is to be decided whether the wave corrupted by
the phase noise has frequengyor v1. In order to allow a compte analytical treatment of
the optimal detection strategies presented in Section 2, we consider, as in [19,20], the case
wherew(t) is a square wave of period 1 with(r) = 1 whent € [0,1/2) andw(t) = —1
whent € [1/2, 1). In such a case, the possible values of the observatjoreduce tot1,
and quantities sucp(x|H;) dx define the finite probabilities B¥|H;} which are nonzero
only at the locations of thestatesy = (+1, ..., £1).

We assume the noise samplg@;) statistically independent for distingt's, so that
the conditional probabilities factorize as{leH;} = ]_[,’(V=l Pr{xx|H;}. Also, the samples
n(tx) are identically distributed, with cumulative distribution functiBp(u) and probabil-

1 Also, it can be shown that the Bayesian c6sin Eq. (1) attached to the optimal minimax detector turns out
to be equal to the consta@iinimax Of EQ. (8) for anyPg.
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ity density functionf, (u) = d F;,/du. We then have

Prixc = 1|H1} = Pr{w[vitx + n(t)] = 1}, (11)
=Pr{u1tk + (1) eU[E,E—i—l/Z)}, (12)
L
=Pr{n() e JIe —vare, ¢ —vin +1/2)}, (13)
L
+00 L—vitr+1/2

= Z / fy(u)du, (14)

f=—00 C—v1ity

+00
= Y [Fy€—vite +1/2) — Fy(€ — vt (15)
l=—00
¢ integer, and
Pr{ix; = —1|H1} = 1 — Pr{x; = 1|H1}. (16)
In the same way, we have
+00
Prixi = 1/Ho} = ) [Fy(€ —votx +1/2) — F, (€ — vorp)] (17)
{=—00
and
Pr{x; = —1|Ho} = 1 — Pr{xy = 1|Ho}. (18)

The probabilities K |H; } that follow from Egs. (15)—(18), allow an explicitimplemen-
tation of the optimal detectors of Section 2 along with the assessment of their performance,
as a function of the properties of the noise conveyedpiy:).

4. Improvement by noise

The optimal Bayesian detector of Eqg. (4) achieves the minimal €pgt of Eq. (4)
which here is computable as

[ P1(Co1+ C11) + Po(C10+ Coo)]

Chin=

NI

1
-3 Z Z | PL(Co1 — C11) Pr{x1|v1} ... Prixy|v1}
x1el-11  xye(-11)

— Po(C10— Coo) Pr{x1|vo} ... Prixy|vo}

: (19)

the multiple sum running over thé'2states accessible to the data
For illustration of the possibility of a stochastic resonance, Fig. 1 shows the performance
of the optimal Bayesian detector measured by the €ggt of Eqg. (19), as a function of
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Fig. 1. Minimal detection cos€in from Eq. (19) of the optimal Bayesian detector, as a function of the rms
amplitudeo;, of the zero-mean uniform noisg(t). Also Cog = C11 =0, Pg = 0.5, vg =1, v1 = 2/3, with

N = 13 data samples equispaced with time sté&pffbm 1y = 0 to 713 = 2.4. Solid line:C19 =2 andCp; =5,
dashed lineC19=1 andCp; = 2.

the rms amplitude, of the phase noisg(r) which has been chosen zero-mean uniform.
In the representative conditions of Fig. 1, the evolutions of the €ggf are clearly non-
monotonic as the noise level, increases. This demonstrates the possibility, over some
ranges of the noise level,, of reducing the cost of the optimal detection by operating
at higher noise levels. It is this very possibility that we want to emphasize, and that we
interpret as a form of stochastic resonance, the nonmonotonic evolution of the optimal per-
formance, when the noise level increases, instead of a monotonic degradation as commonly
observed in standard optimal detection processes.

For another illustration, we choose for the phase ngigg, the family of Gaussian-
mixture densitiesf; (u) = fgm(u/oy) /o, defined through the standardized probability
density

_ 1 (u +m)? (u —m)?
font) = VeI H‘m} * p[‘m“ 0

with 0 < m < 1, and cumulative distribution function

Fym(u) 1—i-lerf< utm )+erf< i ) (22)
U)=—=++-— _ - ).
am 2 4 V21 =m? V21 =m?
Figure 2 shows the performance of the optimal Bayesian detector measured by the cost
Cmin Of Eq. (19), as a function of the rms amplitueg of the Gaussian-mixture noise
n(t), in two representative sets of conditions. Again, the evolutions of Fig. 2 are clearly

nonmonotonic as the noise lewg increases, demonstrating the same type of stochastic
resonance with the optimal Bayesian detector. Figure 2 also presents numerical valida-
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Fig. 2. Minimal detection cosf'n of the optimal Bayesian detector, as a function of the rms ampliddef
the Gaussian-mixture noisgr) with m = 0.95. The solid lines ar€my;n of Eq. (19); the discrete points a&in
numerically evaluated with foMonte Carlo trials of the test (4) for eaehy; with C19=2 andCp1 =5 (%),
Cip0=1andCp1 =2 (o). Also Cgg= C11 =0, Pg=0.5,v9 =1, v; = 2/3, with N = 6 data samples equispaced
with time step @B from#; =0tosg = 1.5.

tions of the theoretical performance, through a Monte Carlo implementation of the optimal
detector of Eq. (4).

The same possibility of improvement by noise also exists for the performance of the
optimal MAP detector, or minimum error-probability detector, measured by the (minimum)
probability of detection erroPe,. Figures 3 and 4 illustrate the possibility of reducing
Per, by increasing the level of noigg,, over some ranges, successively for the zero-mean
uniform noise and for the Gaussian-mixture noise from Eq. (20).

For the optimal Neyman—Pearson detector, with the nonlinear signal-noise mixture with
phase noise, we did not find it possible to obtain a general explicit analytical characteriza-
tion of the thresholg. (Pt sup) of Eq. (8), for an arbitrary noise densify(x). Nevertheless
here, for a reasonable number of data pomtgading to 2 = N different states accessi-
ble to the data, it is feasible to exhaustively test all th&2possible partitionsRo, R1),
select those associated tdPain Eq. (6) no larger tham; sup, and among them retain the
one with maximalPy in Eg. (5). This was done so at eaghin various configurations, and
the results are shown in Figs. 5 and 6, successively for the zero-mean uniform noise and for
the Gaussian-mixture noise from Eqg. (20). The evolutions of Figs. 5 and 6 demonstrate, for
the optimal Neyman—Pearson detector, the possibility of increasing its probability of detec-
tion Pg, by raising the level of noise,, over some ranges. This is again a nonmonotonic
evolution of the performance of the optimal detector when the noise level is raised, that we
interpret as a form of stochastic resonance.

Finally, it is possible to findP; that maximizeSCmin of Eq. (19), opening the way
to the optimal minimax detector arits performance measured by the cG%tinimax Of
Eq. (8). Evolutions ofCminimax are shown in Figs. 7 and 8, successively for the zero-mean
uniform noise and for the Gaussian-mixture noise from Eq. (20). The results of Figs. 7
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Fig. 3. Probability of detection erraPer from Eq. (19) of the optimal MAP detector, as a function of the rms

amplitudeo, of the zero-mean uniform noisg?). Also vg = 1, v1 = 2/3, with N = 11 data samples equispaced
with time step @ froms = 0to#1q = 2. Solid line: Py = 0.5, dashed linePy = 0.4, dotted line:Py = 0.3.
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Fig. 4. Probability of detection erraPer of the optimal MAP detector, as a function of the rms amplitage
of the Gaussian-mixture noisgr). The solid lines arePer from Eq. (19); the discrete points af@y numeri-
cally evaluated from 1DMonte Carlo trials of the MAP test (4) for eaety; with m = 0.9 (o), m = 0.95 (x),

m =0.99 (). Also P = 0.5, vg =1, v1 = 2/3, with N = 6 data samples equispaced with time stepftom

t1=0torg=1.5.

and 8 establish the possibility of decreasing the €shimax DY increasing the level of
noiseo;, over some ranges. This again reveals the same type of nonmonotonic evolution
of the performance of the optimal detectwhen the noise level is raised, instead of a
monotonic degradation.
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Fig. 5. Probability of detectiorPy of Eq. (5) of the optimal Neyman—Pearson detector, as a function of the rms
amplitudeo;, of the zero-mean uniform noisg?), with vg = 1, v; = 2/3, with N = 3 data samples measured at
t1=0.1, 1, =04, andfz = 0.6. Also P; syp= 0.1 (solid line), P; syp= 0.2 (dashed line)Pr syp= 0.3 (dotted

line).
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Fig. 6. Probability of detectioPy of Eq. (5) of the optimal Neyman—Pearson detector, as a function of the rms
amplitudeo;, of the Gaussian-mixture noisgr) with m = 0.9 (dotted line),n = 0.95 (dashed line), = 0.99
(solid line). Also P sup= 0.1, vp = 1, v1 = 2/3, with N = 3 data samples measured:at= 0.1, 1 = 0.4, and

3= 0.6.

5. Discussion

The present results essentially stand for a proof of feasibility in principle, by direct
examination, of a stochastic resonance effect under the form of a noise-improved perfor-
mance in a whole range of standard optimal detection strategies. Detailed analyses of the
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Fig. 7. Minimax costCminimax Of EQ. (8) of the optimal minimax detector, as a function of the rms ampliayde

of the zero-mean uniform noisgt). Also Cog= C11 =0, Cg1 = C10= 1. Solid line:vg =1, v = 2/3, with

N = 6 data samples equispaced with time stegb@romz; = 0 torg = 1.5. CrossesX): vg = 1, v = 1/3, with
N = 4 data samples equispaced with time stépffbmz; =0 tory = 1.8.
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Fig. 8. Minimax costCiinimax Of EQ. (8) of the optimal minimax detector, as a function of the rms amplitude
oy of the Gaussian-mixture noisgt) with m = 0.9 (dotted line);n = 0.95 (dashed lineyn = 0.99 (solid line).
Also Cgg=C11=0, Co1 = C10=1, vg =1, v1 = 2/3, with N = 11 data samples equispaced with time step
0.2 fromz; =0tor =2.

influence of the distinct panaeters playing a role in theetiection process are not accom-
plished in the present study, and remapen for subsequent investigations.

Among the important parameters is the wiorm of the periodic input the frequency of
which we seek to detect. We have chosen here a square wave, essentially because this case
is simple enough to lend itself to a complete analytical treatment, which was at the same
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time verified by Monte Carlo simulations of the optimal detectors, as shown in Figs. 2
and 4. These conditions allowed our proof eésibility in principlewith the double check
of an analytical treatment and a numerical diation. The case of detection on a sine wave,
for instance, is a more complicated one, that remains open for future study.

It is to note that in all the optimal detection strategies we have tested, the performance
is always at its best when the detectors are operated with no noisg=a0. This is a
common behavior which can reasonably beextpd from any optimal detector, to achieve
its absolute best performance when no noise is present. Then, when a small amount of
noise is added abowvg, = 0, the performance of the optimdétectors naturally starts to
degrade compared to the absolute best performange-a0. Our main finding is that this
evolution of the performance of the optimal detectors does not continue as a monotonic
degradation: at higher levels of noise, ranges,péxist where the performance improves,
at least locally, when the noise is further raised. A pre-existing amount of noise has to
be present, in order to have access to improvement by noise via the stochastic resonance
effect. But a pre-existing noise is usually the rule in a detection problem, compared to the
situation of no noise.

A qualitative explanation can be proposed for the observed effect of improvement by
noise in optimal detection. For the observable signal-noise mixtaneof Egs. (9)—(10),
let us assume that the corrupting phase ngisg is a binary or dichotomous noise, ran-
domly switching between the two levelso, and+o0,. Wheno, = 1, because of the
periodicity 1 of the wavew(t), the binary phase noisgt) has actually no action on the
signalx (¢), which is preserved exactly as if no noisere present. Therefore, at the noise
level o, = 1, the performance of any detector widturn to the performance of this de-
tector ato,, = 0. It can be expected that therfimance will first degrade as, is raised
above zero, but later on, the performance will improveaapproaches one, to return to
its initial value ato,, = 0. A similar effect can be expected when the binary phase noise
n(t) switches betweetr-o,, = +0.5, or any integer multiple of such configurations. The
Gaussian-mixture noise from Eq. (20) that we have tested in Figs. 2, 4, 6, and 8, precisely
tends to the binary noise dio;,, whenm — 1, and it reflects this qualitative behavior we
have explained for the binary noise. In this respect, our present report can be seen as a
guantitative analysis, extended to any type of noise, of the qualitative behavior anticipated
for the binary noise. The important and nonobvious point is that the behavior anticipated
for the binary noise and which leads to a nonmonotonic evolution of the performance,
is in actuality preserved for non-binary noises, noises with a bimodal structure like the
Gaussian-mixture noise from Eq. (20), but also unimodal noises like the uniform noise
tested in Figs. 1, 3, 5, and 7. The nonmonotonic behavior of the performance is essen-
tially caused by the action of the nonlinearity itself, as in Egs. (9)—(10), which mixes the
information signal and the noise, through a phase coupling which introduces a sensitivity
to the amplitude of the noise in relation to the period®it§ w(r). The noise, somehow,

2 It is to be noted that the level of the phase naige) ought not be measured modulo 1. The noise level
is given, in principle at an arbitrary value, prior tiee nonlinear coupling with #hinformation signal through

Egs. (9)—(10). It is for instance the arbitrary level at which the transducer evoked at the end of the paragraph after
Eq. (10), is randomly shaken. Subsequently, it is theoawmf the nonlinear coupling via Egs. (9)—(10), which
brings the (arbitrary) amplitude of the iseito have an action on the phase between 0 and 1.
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is able to bring some phase shift whictapés the nonlinear coupling in a better config-
uration for the detection task, by making the wavesgaand atv; more distinguishable.

And this mechanism can take place for various types of noise, not necessarily binary noise,
not necessarily bimodal noise, especially unimodal noise. The outcome, which is the main
point of this report, is the possibility of (local) improvement of the performanopifal
detectors as the noise level increases.

In the tested configurations, with a square waw@), the stochastic resonance effect
was not observed with Gaussian noige=£ 0), but it appears with Gaussian-mixture noise,
and in a more pronounced way as we depart more from the Gaussiang withl (evo-
lution to binary noise), and also with uniform noise. The uniform noise is a generalized
Gaussian noise [14] with exponefbo, while the standard Gaussian noise corresponds to
an exponent of 2. We have observed, with a few other instances of generalized Gaussian
noises, that the stochastic resonance effect tends to vanish smoothly (the nonmonotonic
evolution of the performance gradually gives way to a monotonic degradation) as the ex-
ponent tends to 2 from above. The effect disappears for an exponent of 2 or below. Further
studies will be useful for a more detailed appreciation of the influence of the type of the
noise on the stochastic resonance. Many other settings and conditions have been reported
where a form of stochastic resonance (in suboptimal processing) takes place with Gaussian
noise [1-3,11,23]. In the future, conditions ynaell be found allowing stochastic res-
onance in optimal processing with Gaussian noise. This issue remains open for future
investigation. In this perspective, studies are currently under way to investigate the pos-
sibility of extending stochastic resonance to optimal estimation [24].

Important nonlinear processes that have been shown to lend themselves to many inter-
esting forms of stochastic resonance are tieural processes [4,13,25-31]. Neurons are
intrinsically nonlinear devices, they naturally operate in noisy conditions (of external or
internal origins), and they achieve high efficiency for signal and information processing.
In addition, neurons handle the signals etiséiy under the form of trains of stereotyped
pulses (action potentials) mostly invariant in shape, but with their coding capability sup-
ported by the temporal sequencing of the pulses along the trains. This can be viewed as
a coding in phase, and the conditions of the present study, with phase coupling and phase
noise, could carry some relevance for neural information processing, this perspective also
remaining open for detailed investigation.

The present results contribute a new step in the inventory and analysis of the proper-
ties and potentialities of stochastic resonance, at large, understood as an effect of noise-
improved information processing. Beyond thegent proof of feasibility in principle, of
a stochastic resonance in optimal detectiwatsgies, further studies can proceed in many
directions to extend our knowledge of noise-enhanced information processing.
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