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We analyze a simple model of a scalar optical wave with partial coherence. The model
is devised to describe the in uence on the coherence of the wave, of the statistical prop-
erties of its random phase, including both the second-order statistics (phase correlation)
| which is classic, but also the rst-order statistics (phase distribution) | which is
nonclassic. Exp ectedly, upon increasing the disorder of the uctuating phase through
a reduction of its correlation duration, the model shows that the coherence of the wave
is always reduced. By contrast, upon increasing the disorder of the uctuating phase
through an increase of its dispersion, the model reveals that the coherence of the wave
can sometimes be enhanced. This bene cial consequenceof an increase in disorder is
related to the phenomenon of stochastic resonance or improvement by noise in signal
processing.
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Optical coherenceis a macroscopicallymeasurablemanifestation of someorder in a
light wave, which is under the dependenceof microscopicdegreesof freedomusually
nondirectly obsenable. Optical coherencds arich notion, which is still experiencing
new interesting developmerts, at the conceptuallevel, and alsothanks to advances
in technologiesof light sourcesand optical devicesallowing more and more cortrol

on light properties [1{5].

Optical coherenceis essetially governed by the statistical properties of light

uctuations at the microscopiclevel [6{8]. A macroscopicallyobsenable light usu-
ally results from the superposition of elemenary radiations emanating from a very
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large number of microscopic radiators. The ability of radiating in a coordinated
way, on average,for a single radiator over time, and for two spatially distinct radi-
ators, relates respectively to temporal and spatial coherence.An important factor
is then the correlation structure of the random uctuations in the phaseof the ra-
diated light, at two distinct times or at two distinct points in space,and therefore
refersto the second-orderstatistical properties of the random phase. Accordingly,
the second-orderstatistics of the random phaseare at the root of the traditional

description of optical coherence. Howewer, for the averagesover the microscopic
uctuations that cortrol the coherence,it is plausible that the rst-order (at one
time or onepoint in space)statistical properties of the random phasemay also play
a part. It is this idea which is theoretically exploredin this paper.

We analyze a simple model for a light wave which explicitly takesinto accourt
both the rst- and second-orderstatistics of the random phase for their impact
on the coherencemeasuredby the fringe visibility in an interference experimert.
The model captures the corvertional behavior of the coherenceas a function of
the statistical correlation duration of the phase. It alsorevealsa possiblein uence
on the coherenceof the statistical dispersion of the phase. Interestingly, we shall
demonstrate herethat an increasein the disorder of the phasedue to an increaseof
its statistical dispersion, can sometimestranslate into an improvemert of the coher-
ence. This type of order-from-disorder phenomenoncan be interpreted as a form
of stochastic resonanceor improvemert by noise in signal processing. Stochastic
resonancedesignatessituations where an increasein the level of noiseis capable
of producing an improvemert of somemeasureof performance assciated to de -
nite signal or information processingtasks [9{11]. Stochastic resonancehas been
obsened in various processesjncluding electronic circuits and neuronal systems;
examplesof stochastic resonancein optics are given in [12{20]. The possibility of
improving the coherenceof a light wave through an increasein the disorder of its
randomly uctuating phase, as reported here, could represent a new direction to
investigate novel forms of stochastic resonance.

2. Measuring the Coherence

In this Section 2, we brie y recall somebasic notions which will be usefulto us as
referencefor the optical coherence[7,8], and which we will extend in the following
Section 3. A very common model for a scalar wave of angular frequency! o and
xed amplitude A, is [6,8]

u(t) = Acos( ot + ): Q)

When the phase is constart in time, the wave u(t) has complete coherence,it
is strictly periodic with period To = 2 =!(, and a time averageover one period

de nes its intensity 7
T(] 2

— 1 2 — A .
IO—T—O ; u(t)dt—7. 2)
A detector measuring light intensity will usually have an integration time much
longerthan the period Tp, and will ratherzbe sensitiveto the \exp erimental" average
Tint

. 1 2
im — u(t)dt: 3)
Tint!l Tint o
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Yet, for a strictly periodic wave u(t) and whenTin:  To, the experimental average
of Eq. (3) precisely matches the one-period average of Eq. (2) and the detector
e ectiv ely measuresthe intensity value | o = A%=2.

The coherent wave u(t) lendsitself to interferencephenomena.With an interfer-
ometric device,u(t) is split into two wavesshifted in time by a pathlength di erence
T, and then the two waves are reconbined to form on a screenor a detector the
superposition

Ut (1) = u(t) + u(t+ T) = Acoq! ot+ )+ Acos( ot+ ! T+ ): (4)

The intensity | of wave Uy (t), through a time averageof uZ, (t) equivalently via
Eqg. (2) or Eqg. (3), comesout as

| = 2lg[1+ cos( (T)]: (5)

Depending on the pathlength di erence T, the intensity | of Eq. (5) variesbetween
the minimum I in = O (fully destructive interference)and the maximum | max = 4l
(fully constructive interference). Accordingly, the detector when moved along the
screenmeasuresan interferogram formed by a successiorof dark and bright fringes.

Following Michelson, for a interferogram in the vicinity of any pathlength dif-
ferenceT, the fringe visibilit y is de ned as[6, 8]

I max I min
V(T) = ————— (6)
Imax + Imin
wherel max and I nin arethe intensities at the maximum and minimum of the fringe.
Therefore, for a purely coherent wave according to Eq. (1) assaiated to the
intensity pattern of Eq. (5), the resulting visibilit y comesas

V(T)=1 (complete coherence) ©)

a unity constart throughout the interferogram, which will be our referencein the
sequelfor a state of complete coherence.

At another extreme, another referencebehavior is the caseof completely in-
coherert waves, that would give on the detector the intensity | = g+ 1g = 2lg
assciated to

V(T)=0 (complete incoherence), (8)

for any pathlength dierence T.

At the root, the phase introducedin Eq. (1) is a microscopicparameter usually
not directly accessibleto measuremen It is the behavior of the intensity pattern
in an interference experiment, as summarizedby the visibility V of Eq. (6), which
is a measurablemanifestation of the state of coherenceof the underlying wave, and
that we study in the sequelas our measureof coherence.

3. Partially Coherent Wave
3.1. Model of the wave and its intensity

We now introduce a model for a partially coherent scalar wave, which is able to
encompassall the intermediate states between complete coherence(V = 1) and
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complete incoherence(V = 0). In addition, the model will allow us to explicitly
describe the e ect on the coherence,of the second-orderstatistics (correlation) of
the phase| which is classic,but also of the rst-order statistics of the phase|
which is nonclassic. Starting from Eq. (1) and following [8], a partially coherert
wave can be modeledwith a phase (t) varying in time:

u(t) = Acog! ot + (1)): 9)

Now we chooseto model the ewolution of the phase (t) through an empiri-
cal or phenomenologicaldescription of independert elemenary radiators producing
random uncoordinated emission. Our modeling choice is specially devisedto allow
in the model, direct cortrol as a free parameter of the probability density of the
random phase,which can be set arbitrarily and di er from a uniform density over

[ ; 1. Nevertheless,we will ched a posteriori that our empirical modeling as-
sumption for the phaseat a microscopicelemenary level, leadsto a model able to
predict, in the common caseof a phaseuniform over[ ; ], common macroscopic

properties of partially coherert light asthey are experimentally obsenable. Soour
modeling choice here is to model the phase (t) by a piecewise-constah random
signal de ned as follows. At random times t; distributed accordingto a Poisson
processof parameter 1= ¢, signal (t) changesfor a new constart value (t) ="',
the possible values' accessibleto (t) being selectedindependertly at random
with the probability density function p (' ), asdepictedin Fig. 1. The probability
density p (" ) hasmeanm and standard deviation . The common choice is to
takep (') uniform over[ ; ], but here preciselywe want to study the impact of
a general,non necessarilyuniform, p (‘).

® o(t)

po(®) tt bt

Fig. 1. Random signal (t) modeling the phase, and its probabilit y density function p (' ).

It is possibleto de ne an autocorrelation function for R () for the random
phase (t), whosephysical meaningis given by the time averageof Eq. (3):
Z Tlnt

1 -
R ()= lm o (O (t+ )=+ ): (10)
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The \physical* mean of Eqg. (10) is obtained as a time averageover one real-
ization (t) of the random phase. Under the assumption of ergadicity of (t), any
realization will yield the samemeanin Eq. (10). Alternativ ely, R ( ) of Eq. (10)
can also be computed via statistical or ensenble average,taking care of the doubly
stochastic nature of (t) imposedby the temporal Poissonprocessin abscissaand
the amplitude density p () in ordinate. At xed t and , onecan consider rst the
statistical averageaccordingto the density p (), denoted E[]. Then, this average
E[] accordingto p () is complemened by the averageaccording to the temporal
Poisson process,which is denoted hi. In principle, the double statistical average
hE[ (t) (t+ )]i matchesthe time average (t) (t+ ) of Eqg. (10).

At xed t and 0, there are two possible con gurations for the product

() (t+ )
@ () (t+ )="1"1,with ' ; arandom number distributed accordingto the den-
sity p (). Then, the statistical averageaccordingto p () givesE[' 3]= m? + 2,
@iy (@) (t+ )="1">2, with '; and' , two independert random numbers dis-
tributed accordingto the density p (). Then, the statistical averageaccording to
p () givesE[' 1' 5] = m?.

Now con guration (i) holds if no transition of the Poisson processhas taken
placein interval [t;t + ], this outcome occurring with probability exp( =) ac-
cording to the properties of the Poissonprocess.And con guration (ii) holdsin the
complemenary casewhere at least one transition of the Poissonprocesshastaken
placein interval [t;t + ], this outcome occurring with probability 1 exp( = ¢).

The double statistical averageof (t) (t+ ) then gives

E[ (1) (t+ )li=[m?+ 2lexp( =)+ m?[L exp( =c)]; (1)
which in principle matchesR () of Eqg. (10), leading for any to
R ()=m?+ Zexp(j j=o); 12)

asrepresened by Fig. 2.

The derivations of Egs. (10){(12) show how to relate a physical meanasrealized
by a detector, to statistical meansmathematically computable from the statistical
properties of random signals.

We now turn to the intensity 1o which can be attributed to the partially coherert
wave u(t) of Eq. (9). This intensity canno longer be de ned through a time average
of u?(t) over one period T, accordingto Eq. (2), becausestrictly speaking u(t) of
Eqg. (9) is no longer periodic, due to the time-varying phase (t). A de nition with
a well de ned meaningis again through the physical meanof Eq. (3). The intensity
o measuredby the detector for the wave u(t) of Eq. (9) is

Z Tin't
lo= _lim — u?(t)dt = u2(t): (13)

One then has

lo= A2co2 lot+ (t) : (14)
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Fig. 2. Auto correlation function R () from Eq. (12) for the random phase (t) of Fig. 1.

The physical averagein the right-hand side of Eq. (14) can also be matched by
the double statistical average
D h iE
co? lot+ () = Ecos lot+ (1) (15)

Sincethe averagesare linear operations, one has

D h E 1 DN iE
E cos lot+ (1) =3*5 E cos2 ot+ 2 (t) (16)
From the identity coga+ b) = coqa) cos) sin(a) sin(b), one also has
D h iE Dh iE Dh i E
E cos 2! gt+ 2 (t) = E cogq2! pt)cos 2 (t) E sin(2! ot) sin 2 ()
17)

For the statistical averageaccording to the density p (), one has E[coq2! ot)
coq2 (t))] = cos(2 ot) E[cog2 (t))], with E[cos(2 (t))] now a deterministic con-
stant independert of t, sothat hcog2! ot) E[cos(2 (t))]i = hcoq2! ot)i E[coq2 (1))].
Also cogq2! ot) is a deterministic factor whoseaverageovert in the senseof the tem-
poral Poissonprocesseducesto a uniform time averageof the cosinefunction, which
vanishes. One therefore has hcoq2! ot)i = 0, leading to hE[cog2! ot) cog2 (1))]i =
0. And in the sameway in Eqg. (17) one also has hE[sin(2! ot) sin(2 (t))]i = O.
The right-hand side of Eq. (17) is then zero, and therefore the right-hand side of
Egs. (15) and (16) is 1=2, and this without any restrictiv e condition on the density
p () or the correlation duration .
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One arriv esat the sameresult by reasoningon the way is performed, from a very
long realization of the random signal, a physical averagelike coq2! ot) cog2 (t)) .
For all the values of t congruert modulo Ty to a samepoint t,q Of the interval
[0; To[, the term codq?2! ot) keepsthe samevalue coq2! oteq), While the assaiated
term cog2 (t)) visits all the valuesaccessibldo it with the statistical weight p ( ).
The accurmulation of all these products gives coq2! otreq) E[cOg2 )]. The factor
E[coq2 )] independent of t,eg makesthat the integral in teq 2 [0; To[ reducesto
the integral of a cosine which is identically zero. By this process,the physical
averageof the left-hand side of Eq. (15), after its linearization, is found to be 1=2.

It then follows that for the partially coherent wave, the intensity 1o de ned by
Eq. (14) is 1o = A?=2. This is a familiar expressionfor the intensity, which is here
connectedto an explicit mathematical formulation of the partially coherent wave
with arbitrary phasedensity p (). Especially, the presert derivation shawsthat the
intensity of the wave is una ected by the probability density p () of the random
phase. This will no longer be the casefor the coherenceof the wave, as measured
in an interference phenomenon,as we shall seenext.

3.2. Interfer ence phenomenon

With the partially coherent wave of Eq. (9), wereturn to the interferenceexperiment
of Section 2. The detector now receivesthe superposition

Ut (1) = u(t) + u(t+ T) = Acos! ogt+ (t) + Acos!ot+! T+ (t+T) : (18)
The intensity | assaiated to the wave uy (t) of Eq. (18) and that the detector
measuresis Z

int

| = lim 1 uZ, (t)dt = u, (t): (19)
Tl Tint 0 tot tot ’

or

| = u2(t) + u2(t+ T)+ 2u(t)u(t+ T): (20)

By the samereasoningthat terminates Section 3.1 after Eq. (13), one nds u?(t) =
u2(t+ T) = lg = A?=2. The behavior in the interference of the intensity | of
Eqg. (20) is then dependent on the autocorrelation function of the eld

u(t)u(t+ T) = A% C(T); (21)

with the interferencefactor

C(T)=rcos!ot+ (t) cos!ot+!oT+ (t+T): (22)

giving the intensity
| = 2lg[1+ 2C(T)]: (23)

The physical averagein the right-hand side of Eq. (22) can also be matched by
the double statistical average
D h iE
C(T)= Ecos!ot+ (t) coslot+!oT+ (t+T) ; (24)
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for which again two possiblecon gurations have to be considered:

(i) When (t)= (t+T)="4,with ' 4 arandom number distributed accordingto
the density p (), then Eq. (24) gives

D h i E
C(T) = E COS(! ot +' 1) COS(! ot + 1T + ' 1) (25)
1D h iE 4D h iE
= > E coq!oT) + > E coq2! ot + ! oT + 2" 1) (26)

With the same considerationsthat have beenusedto evaluate Eq. (17), one can
conclude for Eq. (26) that HE[cos(2 ot + ! ¢T + 2' 1)]i = 0 and hE[cos( oT)]i =
coq! oT). Therefore, in this con guration (i) one nds

C(T) = %cos@ ol): 27)

(i) When (t)='i;and (t+T)=",, with';and', twoindependert random
numbers distributed accordingto the density p (), then Eq. (24) gives

D h iE
C(T)= Ecolot+"'j)coql ot+!oT+"',) (28)

For the product of the two cosinesin Eg. (28), one can use
cos( ot + ' 1) = coq! ot)cog"' 1) sin(! ot) sin(’ 1); (29)
and
co!l ot + 1 oT + " 2)=coq! ot + ! gT)cog"' 2) sin(l ot + !oT)sin(" 2): (30)

And through Eqgs. (29){(30), the product of the two cosinesin Eq. (28) dewelops
into four product terms. One of wich is

D h i E
Ci= E coq!ot)coq 1)cos(l ot +!oT)coy" 2) ; (31)
which, via the two separateaverages,gives
D E
C1= cog! ot)cog! ot + ! oT) E?[coq )]: (32)

By the identity 2coga) cogb) = cogda b) + coga+ b), one gets for the temporal
averagein Eq. (32),

D E 4D E 4D E
cog! ot)cog! ot + 1 oT) = > cog! oT) + > cogq2! ot + 1 oT) (33)

Sincehcos(2 ot + ! ¢T)i = 0, one nally obtains

C= %cos(! oT) E?[coq )]: (34)
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Next, the secondproduct term from Eq. (28) and accomparying C; of Eqg. (31)
is D h iE
Co= E sin(! ot)sin( 1) sin(! ot + ! gT)sin(" 2) (35)

Repeating for C, similar argumerts asfor C;, one nally obtains

1
Cy= 5cos(! oT) E?[sin( )]: (36)
Again with similar argumernts, the two last product terms accomparying C; and
C, are
D h iE
C; = E cod! ot) coq" 1)sin(! ot + ! ¢T) sin(’ 2)
1
= > sin(! ¢T) E[cos( )] E[sin( )]; (37)
and
D h iE
Cs = E sin(! ot) sin(" 1) coq! ot + ! oT) cog" 2)
1
= Esin(! oT) E[coq )] E[sin( )]: (38)

By collecting the four product terms C; to C4, Eq. (28) for con guration (ii)
leadsto

C(T) = ;cos(! oT) E?[coq )]+ E?[sin( )] : (39)

Since over time, according to the temporal Poisson process,con guration (i)
occurs with probability exp( T= ;) and con guration (i) with probability 1
exp( T=.), aweighted averageof Egs. (27) and (39) leadsfor Egs. (22) and (24)
to

" #
1 T 2 P T
C(T) = Ecos(! oT) exp — + E“cos()]+E“[sin()] 1 exp —

C Cc

(40)

This determinesthe intensity | of Eq. (23) at pathlength dierence T in the inter-
ferenceprocess.For this intensity pattern, the visibilit y at pathlength di erence T,
asde ned by Eqg. (6), now comesout as

V = exp T, E?[cos( )] + E?[sin( )] 1 exp T : (41)

Cc Cc

We have with Eq. (41) a measureof the coherenceof the wave exhibiting its de-
pendencewith the second-orderstatistics of the phasethrough the correlation du-
ration ., but also| what is new here| with its rst-order statistics through
E2[coq )] + E?[sin( )] controlled by the probability density p ().
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3.3. The classic case of a uniform phase

As indicated in Section 3.1, the model of partially coherent wave is basedon an
empirical phenomenologicaldescription for the phase (t) at the microscopiclevel
of elemenary radiators. We now want to get someappreciation of the ability of this
model to produceveri able predictions at the macroscopiclevel of obsenable light.
The commonsituation for a partially coherert light is a phaseuniform over[ ; 1.
In this caseof a density p ( ) uniform over[ ; ], the model hasthe expectations
E[coq )] = E[sin( )] = 0 and Eq. (40) simpli es into

C(T) = %cos(! oT)exp I : (42)
Cc
From Eq. (42), and coming badck to Eq. (21), the model provides an expressionof
the autocorrelation function of the eld, for any time delay , as
A’ i
utu(t+ )= 7005(! 0o )exp — (43)
Cc

Fourier transforming the autocorrelation of Eq. (43) givesaccesdo the power spec-
trum of the wave, which comesout as a spectral line certered at frequency! o, with
a Lorentzian shape of width measuredby 1= .. The Lorentzian spectral line, as
predicted by the model, is a spectrum which is very commonly obsened for par-
tially coherent monochromatic light [8]. With a correlation duration . of the phase
which goesto in nit y, the model describesa completely coherert wave, with a eld
autocorrelation u(t)u(t + ) = A2?coq! o )=2 assaiated to a Dirac-delta spectrum.
By reduction of the correlation duration ., the model describes a degradation of
the coherencewith a spectrum which broadensinto a Lorentzian spectral line with
width 1= . increasing as the coherenceis reduced. These properties of the model
match experimental properties commonly obsenable on partially coherert light.

For p ( ) uniform over[ ; ], Eq. (41) of the model leadsto an interferogram
visibilit y

V = exp (44)

T
Cc
From Eq. (44), at any T ¢, the model predicts V1, identifying a situation

of high coherence;and at any T ¢, the model predicts V0, identifying

a situation of low coherence. These predictions of the model again match the

common experimental obsenation in an interference phenomenon: the coherence
measuredby V is high at pathlength di erence T much smaller than the correlation

duration . and low at T much larger than .. Also, the model via Eq. (44), at

xed . imposedby the light source, describes the way the interferogram fades
away with decreasingvisibility V, as the distance to the certral fringe increases.
Alternativ ely, at a given point with xed T, varying the correlation duration . of
the phase, allows one to obtain at this point, accordingto the value assignedto

V by Eq. (44), an interference of highly coherent waveswhen . T, or of quasi
incoherert waveswhen . T, or any partial degreeof coherencefor intermediate
¢. These properties of the model reproduce the common behavior obsened in a
interference experimert.
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Therefore, in the classiccaseof a phaseuniform over[ ; ], the presen model
of a partially coherent wave is able to yield predictions in accordancewith common
obsenable properties of light. This ability of the model basedon a simple empirical
description of the phase at the microscopic level, may be due to the fact that
the model is usedto derive predictions for macroscopicquartities resulting from
statistical and temporal averages. As it is often the casein statistical physics,
macroscopicquarntities emergingfrom averagesare not critically in uenced by the
detailed assumptionsat the microscopiclevel, providing they capture a few essetial
basic features. The veri cations of this Section suggestthat this may be the case
for the presert model. Basedon this grounding, we will now apply this model to
explore the nonclassiccaseof a nonuniform random phase.

3.4. Inuenc e of the statistics of the phase

We now examinethe ewolution of the degreeof coherencemeasuredby the visibilit y
V of Eqg. (41), in the general caseof an arbitrary probability density p () for the
phase.

At xed > 0,if p () tendsto the Dirac delta function ( ) (the valuesof
concerirate more and more around zero), then E[coq )]! 1andE[sin( )]! O. It
follows that in Eq. (41) the visibility V! 1, and oneis returned to the situation of
complete coherenceof Eq. (7) whatever T and .

If the density p ( ) isuniform over 2] "v;'m] [ ; 1 then E[cos()] =
sin(' v)="m and E[sin( )] = 0. The case' y ! 0 givesthe preceding caseof the
Dirac delta, while the case' v = s the classiccasediscussedn Section3.3. With
an arbitrary 'y 2 [0; ]then

T . T
V=exp — +sind('w) 1l exp — (45)

c C

At xed . and T, when the phasedispersion' y increasesfrom 0to , it results
that V of Eq. (45) monotonically decreasedrom V = 1 (complete coherence)to
V = exp( T=.) (a state of partial coherence).One thus registersa monotonic loss
of coherence,at xed . and T, when the phasedispersion' \ increasesfrom 0
to .

Yet, this monotonic loss of coherenceis not necessarilythe rule, for another
phasedistribution p (), and this is a specic nding of this paper. For a simple

illustration, we considerthedensityp ( )=[( + )+ ( )]=2 describing a
phase (t) randomly ipping betweentwo discrete values . From Eq. (41) one
then gets
T T
V==exp — +cos( )1 exp — (46)
[ Cc

At xed . and T, when the phasedispersion increasesfrom 0to , it results

that V of Eq. (46) rst decreasedrom V= 1lat = 0 (complete coherence)down
to the minimum V = exp( T=.) when = =2 (a state of partial coherence),to
riseagainupto V=1at = |, restoring complete coherence.For the coherence

measuredby the visibility V at a xed point T and xed correlation duration .
at the source, one thus registers a honmonotonic variation, with a possibility of
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increasing the coherenceby meansof an increasein the phasedispersion , over
certain ranges. This is a constructive e ect (increasedcoherence)obtained through
an enhancemen of a noise component (increased phasedispersion). This type of
behavior is reminiscert of stochastic resonanceor useful-noisee ects, by which
an increasein the noise level improvesthe performance, as reported for instance
in [12{16,18,19,21{23]. Especially, [21{23] shaved the possibility of stochastic
resonancewith phasenoiseon a periodic wave, although with no referenceto optical
coherence.

Basedon the results of [10,23], it can be expectedthat other distributions p ()
of the phasemight lend themselvesto a form of nonmonotonic improvemert of the
coherence.For a more elaborate distribution, we consider,in similarity with [10,23],

the mixture of two Gaussians
! !
1 ( + o? 1 (o)’
= —ex + p— ex e e 47
p() —292— p 52 3 p > 2 (47)

The probability density of Eq. (47) is made of two Gaussian peaks of samewidth

, onecentered at ¢ and the other at (. This density of Eqg. (47) has mean
m = Oandvariance 2= 3+ ?;andit leadsto the averagesE[sin( )] = 0
and E[coq )] = coq o) exp( 2=2). The resulting interferogram visibilit y from
Eqg. (41) is then

T 2 T
V=exp — + cod( o)exp( )1 exp — (48)
C

c

At xed width , increasing o increasesthe rms phasedispersion = ( 3+

2)172, The resulting evolution of the visibilit y V of Eq. (48) is presened in Fig. 3.
The ewolution of Fig. 3 displays again a possibility of improving the coherence
measuredby V by meansof an increaseof the phasedisorder measuredby its rms
dispersion

Another nonmonotonic evolution of the visibility V can also be obtained with
a density p () uniform over [ ' v ;' m] for the phase,leading to V of Eq. (45).
When the phasedispersion' y increasesabove , in Eq. (45) the factor sinc(* v )
starts to rise again, leading to an increasing visibility V in this range of ' \,, as
represerted in Fig. 4.

In Fig. 4, when the dispersion' \, of the uniform random phaseincreases,a
nonmonotonic evolution of the visibilit y V is obsened for any value of T= .. When
' m increasesabove in Fig. 4, the resulting improvemert of V is relatively small
comparedto the visibility of V = 1 with no phasedispersionat ' y = 0. However,
common optical conditions will often imposea uniform random phasewith disper-
sion' yy = . This value' y = s precisely the location of a minimum of the
visibility V in Fig. 4, for any T=.. At T=¢ 1, this minimum of the visibilit y
is very closeto zero, as seenfor instance in Fig. 4 at T=. = 10and 'y =
From this con guration, if the phasedispersionis increasedupto 'y 3 =2, the
relative increaseof the visibility is then strong. In Fig. 4 at T= = 10, we have
V(im = ) 5 10 °%and V(' m 3=2) 5 10 2, which corresponds to
an ampli cation of three orders of magnitude of V when the phase dispersion is
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Fig. 3. Interferogram visibilit y V of Eq. (48), as a function of the phase dispersion =(3+
2)1=2 py varying ¢ at = =5and T=. = 1=4.

increasedfrom ' y = to'wm 3 =2. Knowing that common optical conditions

arelikely to impose' vy = to beginwith, if an action is practically implementable

to further increasethe phasedispersionupto ' v 3 =2, this could translate into
strong enhancemehn of the coherencemeasuredby V. We note that it is in principle
quite possibleto have a random phase (t) varying over an interval [ ' v ;' m ]
ranging beyond [ ; ]. This could be the casewith medanical vibrations produc-
ing pathlength uctuations that would exceeda su cient amournt relative to the
wavelength, as realized in [24] for instance. This is the same possibility which is
presert with the phase noisein [10,23], and also all the techniques dealing with
phasewrapping and unwrapping are in fact related to this sameissue.

If we return to the generalexpressionof the visibility V in Eq. (41), one always
hasO E?[coq )]+ E?[sin( )] 1, for any density p (). It results that, at given
density p () and xed pathlength di erence T, the visibility V of Eq. (41) always
decreasesvhen the correlation duration . decreases.Decreasingthe correlation
duration . of the phase (t) is one way of increasingthe phasedisorder, but this
way of increasingthe phasedisorder can never improve the coherence,in the wave
model of Eqg. (9). On the cortrary, as demonstrated above, increasing the phase
disorder by increasingthe phasedispersion is capable of improving the coherence.

4. Discussion

We have analyzed a simple model of a scalar optical wave with partial coherence.
The model is specially devisedto describe the in uence on the coherence,of both
rst-order and second-orderstatistical properties of the random phase. Classic
models of partially coherert light [8] do not allow direct control on the probability
density of the phaseasa free parameter. The model of Section3.1wasimplemented
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Fig. 4. Interferogram visibilit y V of Eq. (45), asa function of the phasedispersion' y , for dieren t
values of T= .

in order to obtain such a control, with the aim of theoretically investigating the im-

pact of the probability density of the phaseon the coherence.For the classiccase
of a random phaseuniform over[ ; ], the model predicts common behaviors in

accordancewith obsenable properties of light. Basedon this grounding, we have
applied the model to theoretically explore the impact of nonclassicstatistics of the
phaseon the coherence. In this way, the model shows that increasing the disor-
der of the wave by decreasingthe correlation duration of the random phasealways
degradesthe coherenceof the wave; this is a known and expected behavior of the
optical coherencecaptured by the model. Furthermore, the model revealsthat in-

creasingthe disorder of the wave by increasingits phasedispersion can sometimes
leadto animprovemert of the coherenceof the wave. This behavior is reminiscert of
stochastic resonanceor similar useful-noisee ects, wherean increasein the amourt

of noiseor disorder can improve somemeasureof order or performanceor e cacy

of processing. Usually, stochastic resonancestudies assumeadditive noise; a few
studies have exhibited stochastic resonancewith phasenoise[21{23] although with

no referenceto optical coherence.The presenceof phasenoiseis natural to optical

waves, and a standard measureof order in this context, the optical coherence,is
shown here to lend itself to a form of stochastic resonance. The presen results
demonstrating a theoretical possibility of noise-improved optical coherence,open
a new direction for stochastic resonanceinvestigations. For instance, the presen

model of partially coherert wave could serve as a basis for theoretical analysis of
more complex optical experimerts, for example frequency doubling or other non-
linear e ects, in order to examine whether it is possible to register phenomena
where a measureof e cacy (other than the visibilit y V) could be maximized in the
presenceof a partial coherence,away from both complete coherenceand complete
incoherence.
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It is interesting to note that a dierent but related theoretical exploration of
the impact of the probability density of the phase, can be found in the recert
publication [25]. Reference[25] studies sums of random phasorsto model optical
spele, and it obsenesthat the cortrast of a partially developed spedle can be
changed, and specially increased,by varying the probability density of the phaseof
random phasors. In similarity with our presen study, [25] givesanother theoretical
study manifesting some possibly bene cial in uence of varying an optical phase

away from uniformity over[ ; ].
If we follow the presert theoretical analysis, it suggeststhat there might be
somebenet in trying to vary, away from uniformity over [ ; ], the distribution

of the phaseof a partially coheren wave. A subsequeh issuewill be to consider
the practical possibilities for varying the phase. The useful approac though, would
not be to try to experimentally reproduce the precise conditions of our empirical
model of Section 3.1, but rather to considerthat our model suggests,through the
consideration of simple theoretical conditions, somepossiblebene t of varying the
distribution of the phase;from herethen, any practical meansof varying the phase
could be interesting to examine in this respect. Some proposalsto be examined
could be as follows. Some cortrol on the phase distribution could be obtained
by imposing, with electroacousticdevices,random vibrations interacting with the
wave, or pathlength uctuations (for instance with piezoelectric actuators) for one
or both of the interfering wavesrelative to the other. Magneto-optical or electro-
optical phase-malulating devicescould also be tested. Concenration of a noisy
wavefront obtained from spedle noise could also be examined. All these, or other,
proposalsto gain some cortrol on the phase distribution of a partially coherert
wave, remain to be practically investigated.

The results reported here concerningthe behavior of wave coherencemight also
be relevant outside optics, with radiowavesor acoustics,for coherent or interfero-
metric imaging applications for instance. In another direction, connectionwith the
coherenceof the quantum wave function could also be ervisaged[26,27], and the
impact of noiseon the decoherenceprocessin quantum information processing.
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