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Abstract

We consider sensor devices with saturation in their response, in charge of the transmission of a sinusoidal signal buried in Gaussian white ni
with a performance assessed by an input—output gain in the signal-to-noise ratio. We show that such saturating devices can always be tun
achieve a signal-to-noise ratio gain larger than unity. When replicated to form parallel arrays, further improvement of the gain can be obtair
with independent noise injected on the sensors. This provides smart arrays of simple nonlinear sensors capable of acting as noise-aided ampl
and where the highest gains in signal-to-noise ratio are always obtained at a nonzero level of the added noises.

0 2005 Elsevier B.V. All rights reserved.
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1. Introduction input, than a single system with no added noise. This form of
stochastic resonance in arrays was introduced and studied under
H]e name of suprathreshold stochastic resonan@&4h where

Nonlinear processes where fluctuations and noise play a be lied to th ssion by threshold ¢
eficial role are currently an active area of research. Such phét—Was applied to the transmission by threshold comparators o

nomena especially exhibit very interesting potentialities for sig-a no:_se;jfreeTlﬁpu; with a}rbnraLy (npt necessarily SUthreShOId)
nal and information processing. Stochastic resonf§h@ can amplitude. This form of stochastic resonance was latter ap-

be presented as designating such a class of phenomena, thP_@d to process a signal-noise mixture as the input, through
the action of noise can improve some processing performe

jection of additional independent noise in the arf@&®]. So
on a signal. For stochastic resonance in isolated nonlinear sy r, stochastic resonance in parallel arrays of nonlinearities has
tems, a common mechanism of improvement can be describe

sentially been reported and investigated for threshold non-
as a displacement by noise of the operating zone, initially ifl-"

earities, including some neuron mod§l9-13] and shown
positioned, of a nonlinear system, towards a region more favoﬁp?l'c‘zble to severLaI distinct S',?Inal processing tasrlfs..

able to the signal. Since more recently, a distinct mechanism for nt fe rﬁ)res_entl etter we wi Cosr;\?sntr?te on t e_dlrr;pr_ove-l
stochastic resonance is being investigated, which arises wh e_ntdo_ tGe S|gqa-to-r?0|se r_atlol( ).O ahsmsul\?lgl ? signa
nonlinear systems are replicated into parallel arf@y9]. In ”_rc'je, In & au_ssm}n wd|te ,nol'osle'_ mproving the ) 0 gsmu—l
the array, each individual system is subjected to an additiongi®'d N NOISE IS O ten esiraple In many areas o e>§pe.r|menta
independent noise. As a consequence, each system respor?%ﬁ’sences and tefchnologles.. The smusmd. can be in itself the
differently to a common input applied to the array. When the ixed) signal of interest, or it can be a carrier conveying useful
responses are collected or averaged over the array, it turns d

'G{ormation through (slow) modulation of some of its parame-
that the global response of the array with added noise can g

rs. Moreover, the SNR of a sinusoid in noise and its evolution
more efficient, in regard to some processing performed on tht rough nonlinear transformation, is often taken as a reference

In the studies of the various forms and modalities of stochastic

resonance. We will show that nonlinear sensor devices, linear

" Corresponding author. for _smaII inputs and saturating at large inputs_(_a common be-
E-mail address: chapeau@univ-angers(ff. Chapeau-Blondeau). havior for sensor§l4]), are capable of an amplification of the
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SNR of a sinusoid in Gaussian white noise. In addition, we willvariance(vary(¢)]), with the nonstationary variance given by
demonstrate that when these saturating devices are associaten y(1)] = E[y2(t)] — E[y(1)]? at a fixed timer.

into parallel arrays, further improvement of the SNR can oc- The output SNRRyy;, at the fundamental frequency I,
cur, through the action of independent noises injected into théllows as

array. Our results extend the phenomenon of stochastic reso- 2

nance in parallel arrays to threshold-free nonlinearities takingR oyt = (Ely@lexp—12rt/T;))| , (5)

the form of saturating sensors. They also establish a novel class {varly(n])AtAB

of SNR-amplifying systems, under the form of parallel arrayswhere At is the time resolution of the measurement (i.e., the

of saturations aided by noise. signal sampling period in a discrete time implementation). The
white noise assumption, throughout, models broadband phys-
2. Evaluation of an SNR gain ical noises with a correlation duration much smaller than the
other relevant time scales, i/, andAr [16].
Consider the signal-plus-noise mixturér) = s(r) + £(¢), At time ¢, for a fixed given value of the inputx(¢), one has,

wheres(z) is deterministic with periody, andé(¢) is a station-  according to Eq(2), the conditional expectations

ary white noise, independent ofz), with cumulative distrib-

ution function Fx («) and probability density functiorfz () = E[y@lx] =E[yi(0)Ix] (6)
dFg(u)/du. The input signak (r) = s(r) + £(¢) is applied onto  gng

a parallel array oV identical sensors, conforming to the archi- 1 N_1
tecture also considered [8,10,15] Each sensor of the array is E[y%(1)|x] = —E[y2(t)|x] + ——E2[y; (D)Ix], (7)
endowed with the same input—output static or memoryless char- N N

acteristicg (). A noisen; (1), independent af (r), can be added Which are both independent éfsince then; () are i.i.d. The

to x(¢) at each sensar, so as to produce the output large array limitN = oo, when needed, will be simply accessi-
. ble by letting Ey2(r)|x] = E?[y; (t)|x] in Eq. (7).

yi)=g[x@)+mi@®], i=12...,N. (1) Next, sincex(r) = s(t) + £(t), the probability density

The N noisesy; (7) are white, mutually independent and identi- O X (1) IS fe (x — s(1)), and one has

cally distributed (i.i.d.) with cumulative distributiof, (z) and +o0

probability densityf, (u) = dF,(u)/du. The response(t) of . / _
the array is obtained by averaging the outputs of all the sensorg,[y(t)] - E[y(mx]fg (x S(t)) ax, ®
as e
L and
Y =2 3. (2) +00
= el 2] = [ EDZwm] s - s)dv. ©)
The transmission of(¢z) by the array is assessed by the 0

output SNR which is standard in stochastic resonance studi
[2,16]. Whens(z) is deterministic with periodly, the output
signal y(¢) generically is a cyclostationary random signal, en- +00

Because of Eq(1), one has for any,

dowed with a power spectrum containing spectral lines at inE[yl. (t)|x] - / g(x +u) f,(u)du (10)

teger multiples of 17, emerging out of a continuous noise .

background16]. The output SNRRq is defined as the power

contained in the output spectral line at the fundamental, 1 and

divided by the power contained in the noise background in a +00

small frequency band B around ¥ 7. E[y,?(t)|x] = / &2(x +u) f () du. (11)
For the output signaj(z) of Eqg. (2), the power contained s

in the output spectral line at the frequency7l is given[16] ) ) o ) o
by V1|2, whereY is the Fourier coefficient at the fundamental ~ OWwing to its practical importance, we will consider in the
of the T, -periodic nonstationary output expectatiofyE)], i.e.  Seduel the case of a sinusoidal input

71— <E[y(t)] exp(—z 2T_nt>> 3) s(t) = Asin(2rt/Ty) (12)
s buried in zero-mean Gaussian noige) with varianceos2 (the
with the time average defined as present theory being however valid for affy-periodic s(z)
r with any probability density fo€(r)).
1 r An input SNRRj, for x(¢), defined in a similar way aR oyt
=7 / edt (4)  ofEq.(5), is then
° A?/4
The magnitude of the continuous noise background in th&Rin = ZAIAB (13)

output spectrum is measur¢t6] by the stationarized output 3
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The resulting input—output SNR gain follows as 12 =~ ' ' '
1.1+ 1
2 / -
G = Rout _ [Ey ()] exp—i2rt/Ty)I? o ay  C N=oo
Rin (varfy(1)1) A2/4 5 09f N=511 -
In the following, we will consider fog(-) the hard saturation - 0.8r - .
defined as c% 0.7} = |
-1 foru < —A, 5 0.6f N= -
guwy=qu for —A<u<A, (15) %0_5, RN ]
A foru>a. ® 04 o ]
The “clipping” parametei > 0 will especially be used as an §_ 0.3l N= _
adjustable parameter in order to optimize the SNR gain € o0 -
Such threshold-free nonlinearities with saturation as in(Es), '1 .
have already been considered in the context of stochastic reso- 0.
nance in parallel arrayd7,18], but they were not investigated % 05 1 15 > 25 3
as optimizable SNR amplifiers for a noisy input consisting of a array noise rms amplitude o,

sinusoid in Gaussian noise.

The characteristic of Eq15) allows an explicit evaluation  Fig. 1. Input-output SNR gai@ of Eq.(14), as a function of the rms amplitude
of the integralg10)—(11)as oy = a/+/3 of the uniform array noises; (), with » = 0.3 andog = 0.5 (in
units of A = 1).

E[yi()lx] =i+ (=2 —x)F(=A —x) — (A = x) F; (A — x)

—Gy(=A =X+ Gy —x), (16)  is always higher than the value @ in the absence of the
and added noiseg; (¢), provided thatV > 1. This is a phenom-
) ) > o enon of noise-aided transmission, or stochastic resonance, in
E[y (lx] =25+ (A7 = x%)[Fy (=2 —x) = F; (A — x)] parallel nonlinear arrays, which was also reported with mea-
—2[Gy(=1 —x) = Gp(A — x)] sures of performance other th&nand with other nonlinearities
— Hy(—A —x) + Hy(h — x), 17) [3-9]. Threshold nonlinearities in arrays were shown to !en_d
themselves to such a phenomenon of noise-aided transmission,
with the functions G,(u) = [*_ vf,(v)dv and H,(u) = named on this occasion “suprathreshold stochastic resonance”
fi‘oo vzfn(v) dv. [3,4]. The results ofig. 1 prove that noise-aided transmission

The expressions of Eq&l6)—(17)are then plugged into Egs. in arrays does not necessarily require threshold nonlinearities.
(6)—(7)so as to provide expressions for the conditional expecit can occur with simple saturating nonlinearities as Ed),
tations By (¢)|x] and Hy()?|x]. which are also easily implementable as electronic devices for

To proceed, since thg;'s can be considered as purposely instance.
added noises for the operation of the array, rather than noises In addition,Fig. 1 shows that the input—output SNR gain
imposed by the physical world, we choose their probabilityachieved by the array of saturations, can be larger than unity.
density f, (u) uniform over[—a, a]. This allows, with the char-  This amplification of the SNR especially occursFig. 1 for
acteristic of Eq.(15) associated to Eq$16)—(17) an explicit  the sinusoids(¢) of Eq. (12) added to Gaussian noigér). It

analytical evaluation of the integra8)—(9) as detailed iPAp-  is to note that such an SNR amplification is impossible with
pendix A An explicit evaluation then follows for the SNR a linear device, static or dynamic, whatever its complexity or
gainG of Eq.(14). high order: a linear device, in the frequency domain, multiplies
both the coherent spectral line at7, and the noise back-
3. Improvement by noise of the SNR gain ground around AT by the same factor, the squared modulus

of its transfer function at ATy, and therefore leaves the SNR

From the derivation of SectiohandAppendix A the SNR  unchanged. Also, an amplificatiaéi > 1 has never been ob-
gain G of Eq. (14) realized by the array, is known, in particu- tained with a threshold nonlinearity for a sinusoid in Gaussian
lar for any value of the clipping parameterof the saturating noise. The SNR amplificatio > 1 in Fig. 1 obtained with
nonlinearityg(-) of Eq. (15). For a fixed given value of, and a  the saturating nonlinearity(-) of Eq. (15), occurs in a strong
fixed input noise leved:, the evolution of the SNR gai@ can  clipping regime ofg(-), with A = 0.3 for the transmission of
be studied as a function of the rms amplitugjeof the added the sinusoid (¢) of Eqg. (12) with amplitudeA = 1. This strong
array noises; (). For illustration,Fig. 1 presents such an evo- clipping has the ability to reduce the input nokge) more than
lution, in typical conditions with a zero-mean Gaussian inputit reduces the signal(r), whence the improved SNR. Alter-
noises (¢). natively, a large clipping paramet@r— oo would lead to a

Fig. 1 shows that, in genuine arrays of si2é > 1, the linear transmission by(-) of Eq.(15), yielding the array output
added array noises; (r) can produce an improvement of the y(r) = s(t) + £(1) + N1 Z,N:l n; (t), a purely additive signal—
SNR gainG. An optimal nonzero value of the level, of noise mixture with no possibility of SNR amplificatiah > 1.
the array noises; () raises the gait; to a maximum, which  Amplification of the SNR is possible only through a truely non-
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sinusoid and Gaussian noifi9,20] By contrast, SNR ampli-
fication is easily obtainable with a saturating nonlinearity. This
i b e INTOR, faculty can be attributed to the clipping effectimplemented by a
L NG ik e T single saturating nonlinearity, which is able to reduce the noise
L NG e more than the signal. The theoretical expressions of Se2tion
A E—— — A R and Appendix Amake it easy to verify that the SNR amplifi-
cationG > 1 is preserved with non-Gaussian input najge.
This property of SNR amplification with an isolated saturat-
ing nonlinearity was also reported [B1]. Here, we extend the
investigation by incorporating the possibility of examining the
impact of added noises (r) and replication of the saturating
nonlinearity into arrays. Fronkrig. 2, at N = 1, it is visible
that the maximum SNR gaitr always occurs at a zero level
of the added noisgy (¢): noise addition brings no improvement
to the transmission by a single saturating nonlinearity optimally

¢ : N
[ R IR )
T ]

optimal A

o

N

—_
[

o
[

optimal noise o,

o

L tuned. Yet, this is no longer the case in arrays viNth- 1.
1.5 : : : : - . At N > 1, i.e. for genuine arrays, the resultsrig. 2 reveal
1.4r U R R that at the optimal tuningopt, the SNR gairG is always strictly
1-2’-N_255 - : : - S above unity, and also strictly above the gaihachieved at

N = 1. The maximum gain realized by the optimized array, in-
110 Do — ‘ creases as its sizé grows. An important property of the array
g N=t9andNet o is that the maximum gain is in general obtained for a nonzero
0 01 0.5 1 1.5 i/sarueo of the IeveEy of the zgdded array noises(t). This
H H H n,opt n .
input noise rms amplitude GE.. is the maipn finding of the present study, that association of satu-
rating nonlinearities into arrays with added noises can improve
oyp,opt Of the rms amplituder, of the array noises; () (middle), and maxi- the. SNR a_lmpllflcatlorG above unity, with a maximum for the
mum of the input—output SNR gaii at (.opt, oy.opt) (bottom), as a function gainG which gene_rally_occurs f_or a nonzero level of the added
of the rms amplitudess (in units of A = 1) of the zero-mean Gaussian input NOIses. For any given input noise level, the best SNR am-
noise(r). The curves of.opt and of maximumG at N =1 andN =15 are  plification is always achieved by large arrays with— oo
distinct but close, that they cannot be visibly separated on the graphs. and occurs at a nonzero level of the added array nojses.
This property revealed bifig. 2 in representative conditions
linear action by (-) of Eq.(15). A natural question which arises (Gaussian input noisé(s) with sinusoidals(r)), is robustly
at this point, is to examine how to tune at its beshe saturat- preserved in other conditions, as it can be verified with the the-
ing nonlinearityg(-) of Eq. (15), so as to maximize the SNR oretical expressions for the gai derived in Sectior2 and

maximum SNR gain

Fig. 2. Optimal valueropt of the clipping parametek (top), optimal value

gainG. Appendix A Beyond the practical interest of arrays of simple
nonlinearities like Eq(15)to act as SNR amplifiers, there is an
4. Optimization of the SNR gain important conceptual significance to the present results: They

demonstrate a situation of signal processing where the optimal
With the expression of the SNR gafh from Section2, we  configuration of the processing system that achives the best per-
have, for each input noise lewe!, determined both the optimal formance, is always associated with a nonzero optimal amount
value Aopt Of the clipping parametek and the optimal level of added noise.
oy,opt Of the added array noises(t), that jointly maximize the
SNR gainG of Eq. (14). These results are presentedHig. 2

for the sinusoid (z) in Gaussian nois&(r) with different array 5. Discussion
sizesN.

The results ofig. 2demonstrate several interesting proper- The issue of the amplification of the SNR of a periodic
ties afforded by these saturating nonlinearities. signal in noise has often been addressed in stochastic reso-

At N =1, i.e. for isolated nonlinearities, the resultdad. 2  nance studie$19,20,22-24] Input—output SNR gains larger
reveal that at the optimal tunirigpt, the SNR gairG is already  than unity have been reported, separately for periodic nonsi-
always strictly above unity. This means that for a sinusoidahusoidal signals in Gaussian noise, and for a sinusoidal signal
signals(z), especially in Gaussian noigér) as inFig. 2 the  in non-Gaussian noise. For the important case of a sinusoid in
saturating nonlinearity (-) of Eq. (15) when used in isolation, Gaussian noise that we address here, a few papers have also re-
can always be tuned to achieve an SNR gain- 1. This is  ported an SNR gain larger than un{83-25] In this respect,
an interesting property, since again SNR amplification canndfor the sinusoid in Gaussian noise, the maximum gain we report
be obtained with a linear system; and with other types of simhere inFig. 2 are found higher than those reported28-25]
ple nonlinear system, like a hard-threshold nonlinearity, SNRevealing a superior efficacy of the present arrays of saturating
amplification has never been obtained simultaneously with @evices for serving as SNR amplifiers.
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We also emphasize that the present arraystatas nonlin- to realize an SNR amplificatior > 1 of a sinusoid in
ear systems, which do not impose, by themselves, frequency Gaussian noise through addition of noise, those systems
limitations. As a consequence, their SNR amplification will achieving the highest gairts > 1 are the present arrays of

take place in the same way, in principle, whatever the frequency  clipping devices operating with a nonzero optimal amount
of the sinusoidal signal. This is a notable difference afforded  of added noise.

by static systems, compared to dynamic systems as those con-

sidered in[23,24] which may introduce frequency limitations  These specifically interesting properties arise at the intersec-
through their specific time constants. This may authorize modton of nonlinearity, noise and array structure. These ingredients
ulation schemes of the sinusoid, for instance a slowly varyare also present in neuronal processes, which are very effi-
ing frequency, or an epoch-wise fixed frequency which mightient for information processing, through detailed modalities
switch at an appropriate rhythm between two predefined vallargely remaining to be understood. All these elements consti-
ues, and SNR amplification may still be expected for such aute strong motivation to further investigate nonlinear systems
modulated sinusoid. Frequency limitations may arise in pracassembled in arrays and aided by noise for efficient information
tice (i) if the white noise assumption breaks down, when theprocessing.

correlation duration of the physical noise ceases to be negligi-

ble compared to the other time constants of the process, (ii) kppendix A

from the physical implementation of the static nonlinearities,

for instance through the use of operational amplifiers coming |n this appendix we detail the analytical evaluation of the
with they own cut-off frequencies. These aspects remain opefmtegrals(8)—(9), when the array is used with the nonlinearity

for further investigation. of Eq. (15) and the noises; (r) are zero-mean uniform over
The essential features that result from the observations ip—q, 4]. In this case, we have the cumulative distribution func-
this article can be summarized as follows. tion

0 foru < —a,

(i) Isolated saturating nonlinearities can act as SNR ampli-
% for —a<u<a, (A1)

fiers for a sinusoid in Gaussian noise, a property whichfn () =

is not afforded by linear systems or by other simple non- 1 foru>a,

linearities like hard thresholds. Power-law nonlinearitiesgnd

were shown in[25] to also exhibit this faculty of SNR

amplification, although the maximum gains achieved are ; 02 ) foru < —a,

slightly lower, and from a practical standpoint they are G, () = / vy dv=q =& for —a<u<a, (A2)

more complex to implement compared to the saturating —o0 0 foru >a,

nonlinearities studied here. Other nonlinearities offeringand

still better positioning in terms of maximum SNR gain and

simplicity of practical implementation may exist, but are u 0 foru < -—a,

today not known as such. Hy(u) = / vzfn(v)dv = % for —a<u<a, (A3)
(i) The possibility of improving the operation of a nonlinear

device through replication into a parallel array with added ]

noises, is not restricted to threshold devices. This seems to EAS- (A-1)—(A.3) when plugged into Eqs(16)—(17) pro-

be a general property shared by many nonlinear deviceél,lde expressions for the conditional expectatlor{&: &)x]

not critically dependent on the presence of a threshold, bu@nd Hy?(1)Ix], and then through Eq$6)—(7), expressions for

related to the action of the added noises which enhancBLy()lx] and By?(z)|x]. Next, these two last expressions have

the variability and richness of representation of an inputt® be integrated according to Eg®)—(9), and for this pur-

by several distinct nonlinear outputs averaged over the aiP0se we introduce the four functio (u) = [*_ vfz (v) dv,

ray. He(w) = [" _v’fe(v)dv, Ke@) = [* v3fi(v)dv and
(i) The beneficial effect of added noise in nonlinear sys-Lg(u)= ["_ v*f:(v)dv.

tems is sometimes interpreted as a linearization by noise

of the response. A linear system would at best yield amn 1. Evaluation of E[y(#)]

SNR gainG = 1. Clearly, the present nonlinear arrays

with an optimal amount of added noises are not made The integral of Eq(8) comes out as

equivalent, for their action on the SNR, to such a linear

system, since they are capable of an SNR amplificatiorE[y(1)] = A + I1(A) — I1(—A), (A.4)

G > 1. In this respect, the arrays act here as nonlinear . )

systems performing better than linear systems for a giveM/Ith the function/s(2) = I11(4) + I12(3) and

L?;grg;?qtéci)gsrocessmg task, thanks to the beneficial ac711(?») — () Fe () — Gg(u)‘
(iv) At this stage of the studies on stochastic resonance, th@he function of the right-hand side is evaluatediat — —

picture which emerges is that, among the systems reported— «) and

—00 a®/3  foru>a.

(A.5)

U=—A—s—a
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1 2
Io(0) = E[(k +5—a)*F:(u)

u=—Ai—s+a
U=—Ai—s—a

+2(A+5—a)Gg(u) + He (u)] (A.6)

else ifa > A, one has

(in the right-hand side the difference is taken of the value of thevith

function atu = —1 — s +a minusiits value at = —\ — s — a).
Throughout thisAppendix Awe writes for s(z).

A.2. Evaluation of E[y2(t)]

For the integral of E¢(9), we first have

+o0
/ E[y2(0)|x] fs (x — s)dx = 22 + I(A) — Io(—1),

—0o0

with the functionlo(\) = I>1()) + I22(A) and

(A7)

1) = (A% — 52 — a®/3) F (u)

—25Gg(u) — Hg (u)| (A.8)

U=—A—s—a

and

Io()) = é [(—=2h+5 —a)(h +5 — @) Fe (u)
—3[x% = (s — @)% G (w)
+3(s —a)Hg (u) + Kz ()]

We next have

u=—\A—s+a
u=—Ar—s—a’

(A.9)

~+00
/ E2[i (D)l ] fe (x — s) dx
=32+ 2[1() — I(=W)] + I3 + [3(=2) — 214,
(A.10)
with the function/z(1) = I31(1) + I32(1) and

I31(0) = (A + $)2Fe () + 200+ )G () + Hs )| __, .
(A.11)
and
1 4
@[(A +s5—a) " Fg(u)
+ 41 +5 — a)3Ge(u) + 6(A + 5 — a)? He ()
u=—A—s+a

I32(A) =

+4r+s—a)Ke(u) + Le (u)]uz_)\_s_a. (A.12)
We introduce
Inn= (s> — %) Fe(u) + 25Ge (w) + He )| __,_ ... (A13)
and
Lao(u) = % [0+ 5 —a)*(h — ) Fe ()
+A+s—a)(h =35 +a)Ge(u)
— (h+3s — 2a) Hg (u) — K¢ ()]. (A.14)
Now, if a < A, one has
In=1I41+ [142(“)]52:1:&2, (A.15)

Io=In+ L] =0+ [las]'Z, 7 0F (A16)
la3w) = 75 [[1° = (s = @)’ Fe(w)

—4(s — a)[A® — (s — a)?]Ge (w)

— 2[A% = 3(s — a)?] He ()

+4(s —a)Kg (u) + Lg (w)]. (A.17)

This completes the analytical evaluation of the integral of
Eq. (9) for E[y?(1)], with an arbitrary density; ().

A.3. Gaussian input noise

When the input noisé€(¢) has the Gaussian density

fewy = —2 exp( ”2) (A.18)
U) = — -—— |, .
5 o 21 2052
the cumulative distribution function is

1 1 u
Fe(u =—+—erf( ) A.19
E(u) 515 N (A.19)

and it follows thatG () = —o? f (u), He(u) = uGe(u) +
UEZFE (u), Ke(u) = (u? + 2o§)G§(u) and Lg (u) = u3Gg (u) +
307 He ().
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